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Finding posterior modes

+ In many applications, we might be more interested in searching for the
posterior mode, rather than characterizing the posterior distribution, e.g.,
mixture models for clustering/classification, model selection in
regression, etc.

+ Posterior mode is also referred to as the maximum a posteriori
probability (MAP) estimate.

+ This essentially reduces to a generic optimization problem that finds
Orrap = argmax p(0ly) = arg max p(y|6)p(0)
0 6

and many standard optimization tools can be used to find Orrap.

* When there are many parameters, we may want to find the posterior
mode for a subset of them, i.e., let § = (v, ¢), we may want to find

Griap = g max p(oly) = arg max / p(6, 1) dy

+ In this lecture, we will focus on a particular type of method that finds this
type of marginal maxima, called the EM algorithm.
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Expectation-Maximization (EM) algorithm

» The idea is to treat ¢ as the parameter and ~ as missing data.

+ The complete data likelihood is L(¢|v,v) = p(y,v|®)

- The observed data likelihood is L(¢|y) = p(y|¢) = [ p(y,~|¢)dy
+ Notice here we consider (y, ) as data thus the word likelihood.
+ The MAP estimate is

darap = argmaxlog p(oly)
[

= argdljnax (log L(¢]y) + log p(¢))

= arg max (log/ L(é,vly)dy + 10gp(¢))
¢

which can be difficult to find due to the integral/sum within the first log
term.

+ However, given -, it might be easy to find
arg max log p(¢, |y) = arg max (log L(¢|7, y) + log p(¢))
P

+ But what value of v should we use?
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EM algorithm: implementation

Conceptually, EM algorithm iterates between:

1. impute (functions of) missing data ~ or h() by E(v) or E(h(v)), i.e., their
expectation under p(~v|o, y).

2. find the maximizer for p(¢|v, v).

* Notice the two steps are essentially using the same conditional
probabilities for a block Gibbs sampler, but instead of sampling,
conditional mean and mode are used in the two steps.

+ Unlike Gibbs sampling, where we look for a converged posterior
distribution, here the procedures are repeated so that the parameters do
not change any more (also referred to as convergence achieved, but
notice the difference).
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EM algorithm: implementation

EM algorithm

1. Start with some initial value ¢“*".
2. E-step: Find the form of the function

Q(@|¢™") = Eyjgpeur o (log p(d,v|y) ¢, y) = /logp(cb, Yy)p(y[e™", y)dy
3. M-step: Set the new ¢““" to be
arg max Q(#lo™")

4. Repeat 2 and 3 until convergence.

+ It can be shown that after each step log p(¢|y) increases monotonically.
+ Thus EM algorithm finds a local maxima for log p(¢|y)
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Silly example: normal model

« Consider the normal model y;|u, 0% ~ N(u,0?) fori = 1,...,n with priors
p~ N(po,7%) and p(6?) o« o 2.

« Consider the task of finding the MAP estimate for .. We treat o2 as
missing data.

» The complete data likelihood is
1. 1
P(y:0%1) = Pyl *)p(o®) o ()" exp(—5 5 D (i — w)?)
» The observed data likelihood is
"1 1
pol) [ exn(— s S~ )t
o 20 ;
+ The EM algorithm works with the posterior density
log p(c?, uly) =logp(y, o”|u) + log p() + const

=~ (n/2+ 1) log(0?) :

T 952 (yi — )" =
1

ﬁ(“ — 110)? + const
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Example: normal model

E-step: find the form of the function

cur

,Y)

= —(n/2+ DE(10g(6®) ~ B3 ) 305 = 1)* = 55 (1 — p)* + const

202 272

Q(u'ﬂcu’r) = EO'Q‘MCUT,y(lng(0-27 #'U)'ﬂ

7

which consists of finding E(log o) and E(1/c?).

- Notice that o%|u, y ~ InvGamma(n/2, >, (y; — n)?/2). So both these
expectations can be evaluated, but let us hold on this thought for now.

7/11



Example: normal model

M-step: find the /i = arg max, Q(u|u“""). Taking the first order derivative and
setting it to O,

d cur

4 Quli™") = n/HerJZyz —Su+ B

7—2 T2 ’

the new i is
S wilE(1/07) + po /72
nk(l/o?) 4+ 1/72

i=

+ We only need to evaluate E(1/5?) in order to compute /i,
- Since 1/0%|pu,y ~ Gamma(n/2, Y, (y; — p1)*/2), we have

B(1/o? |, y) = ==—————.
2y — peur)?

+ Plugging in the expectation, the M-step updates " with ji:
)F <yﬁzlf«i7‘)2/n + o/

+1/72

==
S e

The EM algorithm then proceeds by iteratively update . using the formula
above. 8/11



Example: normal mixture model

+ Consider the normal mixture model
P(yilp, 0%, w) = 320 Wk N (yi; i, o)

- Consider the missing data z;; € {0,1}* such that z;, = 1 if y; belongs to
group k and 0 otherwise and the following augmented model

(Zil, ceey ZiK) ~ ]Multz(l, OJ)

and
K

YilZi1, oo, Zik ~ H N (yi; pe, o)
k=1
+ This is equivalent to the categorical missing data representation we
looked at before, but makes it easier for us to design an EM algorithm.

+ The complete data likelihood is

n K
p(y,z\u,aQ,w) - H H Wi lkN yz,Mk7Uk)

i=1 k=1

» The observed data likelihood is
K

pylp, o w) = [ [ D wnN(yis s, on)

i=1 k=1
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Example: normal mixture model

« E-step: Let ¢ = (u, 0%, w), find the form of the function
QUOIE™) = B, (02900, 210)|67 ) = [ 1ogp(6. A1pp(el™ )iz

where

log p(¢, zly) = log ( Wi N (yis ik, o) p(p, 0%, w))

=
=

i=1 k=1

=

n

=3z (logwy +log N(yis i, 01)) + log p(p, 0%, w)
i=1 k=1

+ The only term that involves the missing data is z;, so

Q(¢l¢™") ZZH o™ ) (log wi+log N (yi; pur, o) ) +Hlog p(p, 0%, w)
i=1 k=1

where the expectation is available in closed form due to the Multinomial
conjugacy,

Wit N (yis pi", (057)?)
Zk wit"N (ylvﬂk/ 7(‘71;/“)2)

E(zirk|d ", y) =
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Example: normal mixture model

+ M-step: Set the new ¢““" to be
¢ = arg max Q(¢[6"")

wr

. Ifwe let p(p, 0%, w) o 1 for simplicity, and denote 2;, = (2, [0, y),
Y,

¢‘¢cur ZZ logw;' +10gN(yz7ﬂk70k))

i=1 k=1

+ The optimization task becomes finding

1
argmaXZZ (logwy — log ok — 2—2( — pg)? )

(w,p,02) i=1 k=1
+ By setting the first order derivative to 0, we can get the following updates,
where the last line is due to the fact that for any value of 5, the same 1
maximizes the sum above.

~ A ~ i—1 ~ikYi
Op = i=1 fie = 7 :
n >
52— iz k(Y fir)*
k= -
Z?:1 Zik
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